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Certain bounds on the maximum modulus of an algebraic integer tl, 
depending on the degree, imply that 
(1) a certain proportion of the conjugates of a are on the unit circle, 
(2) a certain proportion of the conjugates of 0: are real, 
(3) a is a root of unity. 
The work is an extension of two recent papers by Cassels, and Schinzel and 
Zassenhaus. 
1. Suppose that a is an algebraic integer of degree n, which has 
conjugates a = al, az,. . . , a,,. Kronecker, Schinzel and Zassenhaus, and 
Cassels have investigated the problem of finding the best possible function 
f(n) such that the condition 
max lajl < 1 +f(n> (1.1) 
l<jSn 
implies that a is a root of unity. 
Schinzel and Zassenhaus [2] have shown that if a is not a root of 
unity then 
max lcljl > 1 +1/22s+4, 
lcj<a 
where s is the number of complex conjugate pairs. Cassels [I] has shown 
the following results. 
(i) If f(n) = l/lOn in (1 .l), then the minimal polynomial for a is 
reciprocal. 
(ii) If f(n) = l/lOn’ in (l.l), then at least one pair of the complex 
conjugates is on the unit circle. 
In this note we will prove the following related results. 
THEOREM 1. I f  f(n) = l/lOny with y = y(n) > 2 in (IA), then the 
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proportion of conjugates on the unit circle exceeds 
l-&(1+%). 
THEOREM 2. Let s be the number of complex conjugate pairs of roots. If 
2s < n 
-( 
IoglOn-log2.1 
> 1oglOn ’ 
(1.2) 
then 
max IUj[ > 1 +l/lOn. 
lsj<n 
THEOREM 3. If a is not a root of unity, and /? is any number satisfying 
/I > J2, then there exists a constant c = c(B> such that 
max lajl > 1 +c//?‘“. (1.3) 
llj<n 
2. Proof of Theorem 1. By Cassels’ result (i), we may suppose that 
the minimal polynomial for a is reciprocal, and so p-l < Iajl < p, 
where p = I+ l/lOn”, and n must be even. In fact, we may suppose 
throughout that n 2 4, since when n = 2 the condition readily implies 
that a is a root of unity. We have 
jj Iajak-11 2 1, (2.1) 
a,q # 1 
since the left-hand side is a positive integer. There are n zero factors 
omitted from the unrestricted product. 
Now, formally we have 
and so 
n IUjUk-11 = ,.,pl IajBj-ll jgk lajEkmll* 
j,k 
qak#l U,Ck # 1 
(2.2) 
We will label the conjugates aj = rj exp (iqj), with 0 I ‘pl I rp2 
< < rp, < 21~, where if Iajl < 1, then aj+l = a,‘. Consequently, -...- 
if aj is inside the unit circle, 
IUjU~l-ll = IUjCrj+l-11 =O (2.3) 
and 
IUj+rUj;‘r-11 = lUj+liij-l( = 0. (2.4) 
Now each nonzero factor in (2.2) is of the form lreie- 11, where 
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P-‘2 < r < p2, and it readily follows geometrically that 
Ire”-11 < ]p2eie-11. (2.5) 
Suppose that there are pn conjugates not on the unit circle. Then there 
are pn products in the first factor on the right-hand side of (2.2), and pn 
zero products removed from the second by the condition ajEk # 1. We 
now quote without proof Lemma 2 of [I]. 
LEMMA (CASSELS). Let n > 1 be an integer and lJ1,. . . , 0, be real numbers 
such that 0 s 9, I 27~ (1 I j I n). Define $ by 
8,+... +O, = 2nJ/ (2.6) 
and let r > 1 be such that 
lcos @I < r/(r2 + 1 - r). 
Then 
JJrPj-11 I Irezi~-l~I”, 
with equality on/y when fJ1 = . . . = 8, = 2JI. 
We will modify the proof of Theorem 3 in [1] in order to prove our 
Theorem 1. Let S = ((j, k); a$$,# l}, Then by (2.5) 
cj~e~ajEk-ll I,B ~~2ei(P’-q*)-~l =Ia~n-~t~ 
i+k j+; 
where 
4 = j-kgmod !p2ei(~j-~*)- 11. 
(j,k)eS 
It is clear from equations (2.3) and (2.4) that P, has n factors for 
2 I t I n-2, while for t = 1 and n- 1 there are n -pn/2 factors. In 
order to apply the lemma above, we put as in [I], for fixed t, 
0 = 
i 
{ 
qj-qk (j > 4, 
qj-pk+2R (j < k), 
and r = p2. Thus $ = tx/n for 2 I t < n-2 by (2.6), and the con- 
ditions of the lemma are satisfied, implying 
Pt < Ip2eznit’” - II” (2 I t I n-2). 
We can also obtain bounds for P1 and P,-l from the lemma. In the case 
t = 1 it follows that 
f&f... f 0, = 2x = 2$(n - pn/2), 
and so 
4KP 
2 n-pm/2 
p, < IP2e2nil(n-pn/2)_lln-pn/2 < n ( > , 
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the latter inequality holding since under the given condition of our 
theorem, 
4x 
cos- <cost < P2 < 1 +p2/2 
n n p4+l-p2 p2 ’ 
Similarly for P.- 1. We have for n 2 4 
I p2ezniln -11 >sin2x>3E, n n 
SO 
< 1 (47d2 -- 
nyp n2-P v 
which contradicts (2.1) whenever 
log 16 
P(Y--w-12 log. 
The result now follows. 
3. Proof of Theorem 2. Suppose that the condition (1.2) holds, 
and that 
max lajl I 1 +l/lOn, 
l<j<n 
then by Cassels’ result the minimal polynomial is reciprocal. We have, 
as usual, 
(3.1) 
Now for real aj 
lcr~-lIIa~2-lI < (g)‘, 
and otherwise Ia<- 11 < 2.1, since we have n 2 4. Thus if there are pn 
real conjugates, we have 
log 2.1 
’ 2 log 10n’ 
and so 
which contradicts (3.1). 
A NOTE ON ALGEBRAIC INTEGERS 159 
4. Proof of Theorem 3. We first note that if the theorem can be 
shown to be true for all n 2 N, and some constant c’, where N and c’ 
are functions of /I only, then the result holds for all n, with perhaps some 
smaller constant c, for example c = min {c’, 1/22N+4}. 
Suppose that (1.3) does not hold. Take c and p, 0 < p I 1, small 
enough so that 
(2nP(1+2c))“2 < /3. (4.1) 
There will be 2s~ (at least) conjugates on the unit circle (by Theorem 1, 
p may be as close to 1 as we require, at the expense of the constant c). 
If aj = ri exp (27~8~), then choose t = 2sp/2 conjugates on the unit 
circle and in the upper half plane, say ~1~). . . , at, and apply Dirichlet’s 
Theorem to the arguments 8,,. . . , 8,. If N = 21’Pn(l +2c)‘Ip, then there 
exists an integer q such that 0 < q I N’, and 112q8jll < l/N, where lixl] is 
the nearest integer to x. Since NpiZ < b, we have for j I 2t, 
Iaj’“-l[ = le4niqej-l\ < 2n/N, 
and otherwise, using Cassels’ result (i), 
< (eZC + 1)2 
< 4(1+2c)2. 
As we may clearly omit the factors involving the real clj, 
1 I n ]c+ll 5 ; 2sp(2(l+2c))(‘-~‘“’ 
lS;j<n 0 
< ~31+Zc))ll= 1, 
a contradiction. Consequently (1,3) holds. 
One may give a very concise proof of the Schinzel and Zassenhaus 
result from first principles using a method similar to the preceding, in 
which Dirichlet’s Theorem is applied to half of the pairs of conjugates, 
and a trivial upper bound for the other half is taken. 
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